A classical three-field mixed variational formulation of frictionless contact is extended to the frictional regime. The construction of the variational framework with respect to a curvilinear coordinate system naturally induces projected mortar counterparts of tangential kinetic and kinematic quantities while automatically satisfying incremental objectivity of the associated discrete penalty-regularized mortar constraints. Mixed contact variables that contribute to the boundary value problem are then obtained through unconstrained, lumped or constrained recovery approaches, complemented by Uzawa augmentations. Patch tests and surface locking studies are presented together with local and global quality monitors of the contact interactions in two-and three-dimensional settings at the infinitesimal and finite deformation regimes.
Introduction
The incorporation of friction into contact algorithms requires additional effort, in particular to ensure an objective integration of the evolution laws that describe irreversible interface mechanics but also in obtaining the associated algorithmic linearization to achieve an asymptotically quadratic convergence. The consideration of friction in the context of mortar approaches has developed in parallel with the frictionless case. Although the mortar discretization of the kinetic and kinematic contact variables are similar to the frictionless case, the description of the projected tangential kinematics is typically realized in terms of vector quantities and many studies are still limited to a two-dimensional setting. A vectorial description requires a careful construction of the update scheme for the tractions while the procedure is well-established in the continuum setting where the components with respect to a local curvilinear coordinate system are conveniently employed. Accordingly, contrary to normal contact, the way in which the tangential constraints are treated differs considerably in mortar approaches. In [1] , the three-field mixed variational formulation foundation for mortar-based frictionless contact treatment was investigated. One goal of the present work is to construct a unified mixed variational treatment of normal and tangential contact constraints by extending the original idea of [2] for frictionless contact.
The advantage of such a unification is that the algorithmic aspects of the complete tangential formulation emanate directly from a three-field statement, the only exception being the necessity of an independent mortar projection of the slip criterion. The advocated method lacks an intermediate surface to ensure a highly accurate numerical integration but it has all the remaining major ingredients of a mortar-based approach. Moreover, it offers alternatives to popular mortar schemes and provides numerical demonstrations of their viability. It is highlighted that a large class of algorithms associated with the classical node-to-segment approach and its variants are omitted from the present discussion where emphasis is strictly on mortar methods. The reader is referred to [3, 4] for extensive references on alternative approaches, to [5] for a recent survey of numerical algorithms for contact problems.
Starting with applications in small deformation contact problems [6, 7] , it was shown that mortar methods satisfy the patch test while avoiding surface locking [8] [9] [10] . Additional investigations in the finite deformation regime with large sliding have further demonstrated the ability of the mortar method to successfully address problems that proved to be problematic for the classical node-tosegment schemes [11] [12] [13] [14] [15] [16] [17] [18] . The incorporation of friction in mortar approaches goes back to the mathematical analysis of [19] . A finite element framework was subsequently investigated in [20] within a kinematically linearized two-dimensional framework. Based on parallel developments in domain decomposition [21] , an extension to three-dimensional large deformation contact was introduced in [22] . Here, particular emphasis was given to the segmentation of the contact interface for an accurate evaluation of the contact integrals. Additionally, the construction of an incrementally objective slip definition was presented. Further investigations in a twodimensional setting were presented in [23] . Two-dimensional studies on the possibilities for quadratic elements and integration without an intermediate surface were explored in [24] -see also [25] for three-dimensional implementations for quadratic elements with an intermediate surface. While the mentioned works incorporated a regularization of the normal and tangential constraints through a penalty method, a Lagrange multiplier approach was introduced in [26] in a two-dimensional setting and a threedimensional framework with dual Lagrange multipliers was presented in [27] -see also [28] for two-dimensional investigations. Recent studies also introduced efficient semi-smooth Newton approaches, based on [29, 30] , for two-dimensional mechanical [31] and three-dimensional thermomechanical [32] problems. See [33, 34] for further three-dimensional examples.
In order to construct a three-dimensional mixed formulation of mortar-based contact treatment with friction for large deformations, the three-field mixed variational formulation of [2] is extended to the tangential kinematics in Section 2 on the basis of the discussion in [1] . Starting from the continuum setting, a direct formulation with respect to a curvilinear coordinate system automatically ensures the objectivity of the stick and slip formulations. Constrained and lumped recovery approaches for the tangential interactions are developed and subsequently linked with an unconstrained formulation. Consistency statements with respect to Uzawa augmentations are discussed and subsequently the algorithmic linearization of the overall algorithm is presented in Section 3. Numerical investigations are presented in Section 4 where, in addition to comparing the local traction quality with analytical solutions, patch tests for tied non-flat surfaces as well as examples with significant evolutions of the contact interface are discussed.
Throughout the theoretical developments and numerical investigations, various details and observations have been omitted together with related references in order to minimize overlap with the presentation in [1] . In particular, the notation introduced therein is employed without restating definitions, i.e. the presentation is not entirely self-contained. However, a repetition of critical aspects has been incorporated to a minor extent.
Three-field mixed tangential contact treatment

Continuum formulation
The contact contribution to the weak form can be expressed as
ð2:1Þ under the standard assumption of an exact satisfaction of the impenetrability condition g N ¼ 0 to simplify the tangential contribution, with s a as the covariant components of the tangential traction [3, 4] . Here, the convention is such that on the deformed configuration of the master surface the convected curvilinear coordinates n a induce the covariant basis vectors a a :¼ 
where k is the consistency parameter, with which the tangential constraints can be stated as
Mixed formulation
Within a penalty regularization of the contact constraints, the tangential contact contribution to the weak form emanates, the latter assuming the stick state, from the variation of
Algorithmically, the continuum formulation leads to the update
ð2:8Þ
where K, the time-discrete version of _ k, vanishes in the case of stick. In obtaining this update, the variation of a ab is omitted from the weak form-see Section 3 for a discussion.
The approach of [2] for classical three-field mixed formulation of normal contact is now extended to tangential contact. The initial steps largely follow [1] and are only briefly addressed. Key difficulties associated with the kinetic quantities will be treated in detail. For this purpose, introducing mixed tangential kinematic variables c a T , the following three-field mixed formulation in terms of fg a T ; c a T ; p Ta g is introduced:
ð2:9Þ
In this section, a trial stick stage is intrinsically assumed but not explicitly denoted for notational brevity. Unlike the normal part, the covariant metric must appear as an additional purely geometrical term in this functional. The variation of C T delivers the tangential contribution dG In order to complement the normal formulation in the mortar setting, the tangential part needs to be defined in terms of mortar projections to the nodes. This is realized by admitting discretizations of the mixed variables which are inherited from the slave surface discretization via [11, 22] such that due to the arbitrariness of dp ð2:14Þ
Clearly, c a
T cannot be pointwise equal to g a T in general since the former inherits the discretization of the slave surface only whereas the latter varies according to the discretizations of both the slave and the master surfaces. In order to recover the kinematic mixed mortar quantity c
ð2:15Þ
It is highlighted again that the choice of vanishing c a;I
T for I R A is enforced explicitly here.
The treatments of normal and tangential parts deviate in the definition of the kinetic quantities. Eq. 
ð2:19Þ
Here, v J is retained to highlight that the projected tangential traction is also defined only for active nodes.
Provided all nodes remain in a state of stick, this completes the determination of the terms which are necessary for the evaluation of the tangential contribution to the weak form of the linear momentum balance. The approach summarized for this part also forms the basis for slip check in the mortar setting, which is treated in the next section.
Tangential constraints
The slip surface expression which defines the tangential constraints must be proposed independently of the mixed formulation. Since the projected pressure p It is highlighted thats I;tr is introduced only for notational convenience. An explicit definition for this quantity is not needed. Now, the discrete slip criterion highlights the two main requirements from the definition of m ab;I . It should (i) represent the identity for a Cartesian coordinate system and (ii) yield a norm that is dimensionally consistent with the projected pressure. 
ð2:28Þ
Consequently, the discrete versions of the tangential constraints are r I 6 0; K
In (2.28), it is clearly seen that while an element-level connectivity arises in the trial update tractions the locality of the stick/slip check is preserved, which is computationally advantageous. Following the update (2.28) for all active nodes, the mixed tractions are recovered by solving the system of equations emanating from (2.21): Consequently, the slip criterion is not necessarily satisfied in terms of the mixed tractions and pressure. While the stick formulation steps were directly induced by the mixed formulation without ambiguity, the slip formulation allows for some flexibility in definitions within the present setting, in particular for m ab;I . The choices made enable the locality of the slip check in terms of already defined variables. Moreover, since only the components of quantities with respect to the curvilinear coordinate system are being employed, the overall formulation ensures objectivity automatically (cf. [22, 23] ).
This completes the treatment of tangential contact apart from linearization, which is treated in Section 3. 
2.4.
This modification, which eliminates the element-level connectivity and requires retaining only the metric m I ab in the formulation, considerably simplifies the implementation and even appears necessary for consistency within the lumped recovery approach. Nevertheless, for the numerical investigations carried out, it was observed that the results remain unaffected with respect to (2.33).
Unconstrained recovery
The lumped approach is more appropriately viewed as an approximation of an unconstrained recovery procedure for the mixed tangential variables that is also a generalization of the constrained approach. In this case, T both for large changes in the active set as well as in the transition from stick to slip, thereby avoiding jumps in the contact interactions that may be observed with the constrained formulation at coarse discretizations. However, the computational cost for the unconstrained formulation is higher since now all slave elements contribute to the evaluation of the contact integrals at all times. The differences between the constrained and unconstrained formulations trivially vanish when all nodes are active. In all the examples to be provided in Section 4, the same recovery procedure is employed for the normal and tangential parts of the contact treatment. (2.40) . In all cases, unindexed quantities in the equations are now understood to belong to augmentation step k þ 1. The augmentations are continued until an iterative error measure £ ðkþ1Þ satisfies a convergence criterion to within a given tolerance TOL.
A comparison
It is important to point out that the augmented Lagrangian approach without Uzawa iterations, which forms a basis for the related semi-smooth Newton schemes mentioned earlier in the introduction, was originally presented in [29] also as a mixed approach. Here, the terminology mixed referred to the combination of penalty and duality methods such that the advantages of both were incorporated into a single framework. The present use of the terminology, on the other hand, follows the usage in [2] which took as its basis the classical Veubeke-Hu-Washizu variational principle [37] and its application in the numerical analysis of incompressible materials [38] . The former usage refers to the enforcement of the contact constraints whereas the present usage refers to their discretization. 4 In particular, the appearance of the history of the tangential traction in the classical formulation (2.7) that forms the basis of the novel formulation proposed in (2.9) should not be confused with an augmented Lagrangian framework. Indeed, for both normal and tangential contact, the functionals stated are strictly for the penalty setting, possibly followed by Uzawa iterations as summarized. This is clear for normal contact due to the absence of a Lagrange multiplier in the formulation. The history variable may likewise be eliminated from (2.8) and (2.9) by defining an elastic tangential gap [4] to obtain an approach that is closer to the normal part, although this choice was not pursued in this work. A mixed framework that is based on the original augmented Lagrangian scheme for constraint enforcement and which would be prone to a Newton-Raphson type solution approach would require a different functional as a starting point.
Linearization of the mixed formulation
While constrained recovery is not the most satisfactory among the three approaches presented (see Section 4.5), it naturally bridges the remaining two. For this reason, the algorithm for the treatment of tangential contact with a constrained recovery is summarized in Table 1 .
Within a Newton-Raphson approach, ÀDdG c contributes to the tangent matrix: It is remarked that although the stick formulation is motivated by the potential (2.7), the variation of the metric was omitted from the weak form in order to simplify the algorithmic implementation and to subsequently construct the mixed formulation as an extension of the approach pursued in [3] . Hence, one can trace the lack of stick symmetry to this simplification. It can easily be shown that the incorporation of the missing variation da ab in the weak form would restore the symmetry for the stick state. A qualitatively similar issue arises whenever the weak form is taken as the starting point for the penalty regularization of normal contact on the deformed configuration. A non-symmetric tangent arises unless the variation of the differential area, which would naturally emanate from a contact potential, is explicitly incorporated into the weak form [28] . Presently, the absence of da ab complies with the classical update for s a in the stick state that is induced by a penalty regularization starting from the weak form. Therefore, one concludes that the classical update does not comply with the exact variation of the potential formulation. An update that would induce a symmetric contribution in the stick state was proposed in [40] based on an improved geometric interpretation of the tangential contact interactions. In this work, the analogy to the classical update will be retained.
Stick state
In the stick state, using (2.17) and (2.20), 
which can be evaluated by making use of (3.6).
Slip state
The first linearization has been treated in normal contact. Using (2.27) and standard calculations [3, 4] , the second linearization reads where Da II hd has been treated in (3.8). Although not pursued in this work, it is remarked that in the context of Uzawa augmentations algorithmic symmetrization [3] by keeping p I N fixed for the frictional part throughout an augmentation step could possibly be used to considerably facilitate the linearization and hence the ensuing numerical implementation.
Numerical investigations
In this section, major aspects of the developed frictional mortarbased contact formulation are investigated within a quasistatic setting. In Section 4.1, the local solution quality is investigated While constrained and lumped recovery approaches delivered very close results for the frictionless setup both locally and globally in many instances even at coarse resolutions, this is not the case for frictional contact. On the other hand, while constrained and unconstrained recovery results differ even for such cases, presently the example of Section 4.5 is the only case where unconstrained recovery is needed to provide performance improvement. For this reason, it is not considered in earlier sections and emphasis is placed on the former two recovery approaches. In all examples, the volume is discretized with either linear Lagrange or quadratic NURBS elements, the latter based on the recent developments in [41, 42, 36, 43, 35, 44] .
The notation, the choices for the numerical discretization as well as the constitutive models and parameters follow [1] and will not be repeated.
Classical Hertz-Mindlin contact
The classical Hertz-Mindlin contact problem is considered within a plane-strain setting with two deformable bodies. The classical problem geometry with two cylindrical bodies was provided Results of the analysis are presented in Fig. 1 . Among other alternatives, the approximate analytical solution chosen for this problem assumes that the pressure distribution is unaffected by the tangential tractions [45] . It is observed that, due to more extensive coupling among the mixed kinematic variables, constrained recovery results are more oscillatory. However, the magnitude of the oscillations decreases considerably with mesh refinement, indicating local convergence. At the fine resolution, there is a good agreement with the analytical solution for both recovery methods. It is additionally observed that, since the tangential constraints are enforced through the projected mortar quantities, the slip criterion can be violated in terms of the mixed kinematic quantities for constrained recovery. On the other hand, in agreement with the analysis Section 2.4.2, it is observed that lumped recovery guarantees that the constraints are satisfied in terms of mixed quantities as well. It is remarked that since a 11 is a constant throughout the contact zone, a convenient traction scaling has been employed in Fig. 1 to demonstrate this fact. In general, the slip criterion should strictly be checked via (2.35). Finally, the effect of switching the master/slave designations is demonstrated in Fig. 2 . Since the original master resolution in the tangential direction is half the slave one, the influence is considerable at coarse resolutions and stronger than the influence on the pressure distribution. It is remarked that only eight nodes are active throughout the whole contact interface for the coarse resolution. However, this sensitivity is already small for the fine resolution.
Patch test I: inclined interface
The classical patch test setup assumes frictionless contact conditions at the flat interface between two bodies. Presently, this setup is modified by deforming the interface to a wedge-like form and the upper body is again displaced vertically. Here, and in the next section, only the constrained recovery approach is considered since for a tied interface this approach is equivalent to the unconstrained one and also delivers an identical performance with lumped recovery. In order to ensure that the bodies will deform as one, tangential constraints must be activated. Here, the surfaces are initially slightly penetrating each other. Normal and tangential contact constraints are activated for the whole interface while stick is enforced, furnishing a domain decomposition algorithm that is suitable for Lagrange or NURBS basis functions. See also [46] for a domain decomposition approach where NURBS basis functions are employed. To ensure high accuracy, N ¼ T ¼ 10 6 and TOL = 10 À9 are chosen. Lagrange elements are used with ten integration points per interface direction to evaluate the contact integrals.
The problem geometry and results are summarized in Fig. 3 . While the bodies deform approximately as one at this high compression ratio, there are slight oscillations in the stress. However, these oscillations are not due to approximate integration but rather due to the discretization nature for the contact interactions. This is clearly observed in Fig. 4 . In the exact solution of this problem, the pressure is a constant but the tangential traction distributions display a jump along the inner interface corners. Since this jump is not captured through the interpolation of the mixed quantities, an approximate traction distribution is obtained for the chosen discretization, the quality of which improves with mesh refinement.
Patch test II: curved interface
When tied interfaces are curved, the patch test additionally displays surface locking associated with an over-constrained contact formulation [8] [9] [10] . For this purpose, the geometry and discretization of Fig. 5 are considered. As in Section 4.2, N ¼ T ¼ 10 6 and TOL = 10 À9 are chosen to ensure high accuracy, together with Lagrange elements and ten integration points along each interface direction.
All recovery approaches allow the bodies to deform as one-see Fig. 5 . For comparison, the constraints are enforced at the integration points of the interface elements based on the continuum approach of Section 2.1. This formulation is over-constrained and hence only a single solve with the chosen penalty parameters is carried out. For such a method Uzawa iterations will also lock, in the sense that the results degrade with each iteration and convergence is not attained for very small tolerances [9] . For all the examples in this work, TOL = 0.001 is already a very stringent requirement that cannot be attained by the integration point formulation. The non-physical deformation of the interface is also clearly observed. The classical node-to-segment/surface algorithm also does not pass this patch test, although it is not over-constrained, since the forces are not transmitted correctly [10] . It is remarked that the mortar constraints are not satisfied in the reference configuration of this patch test without special modifications of the mesh [21] or the constraints [10] . The implication of this observation is that stresses are induced in the vicinity of the interface even without external loading, qualitatively similar to 
Tire on an elastic foundation
A tire on an elastic foundation is considered, as depicted in Fig. 6 , where the tire is first pressed onto a block in 20 load steps and subsequently dragged through 20 more steps. This example is carried out in a two-dimensional setting for which the default choice for the strain energy function is replaced through its twodimensional simplification W ¼ Simulation instances are shown in Fig. 7 where the NURBS discretization employed is also shown. Global contact interactions are monitored through the normal and tangential forces applied to the tire, as summarized in Fig. 8 . Although there is large sliding at considerable compression, smooth force evolutions are obtained both for the frictional and frictionless cases. Moreover, in both cases, both recovery approaches deliver quantitatively very close results even at this coarse discretization, although the local pressure and traction distributions differ as in the Hertz-Mindlin contact example.
Rotating contact of two elastic bodies
As an additional example to significant contact interface evolutions, the rotating contact of two elastic bodies is considered as described in Fig. 9 -see also [35] . Here, the upper body is first pressed The results of the simulation are summarized in Fig. 10 where the moment applied to the upper body is monitored. All recovery approaches yield quantitatively close results with the fine mesh for both friction coefficient choices. The coarse mesh results, however, highlight a problem with constrained recovery that has been described in Section 2.4.3. The evolution of the mixed tangential kinematic variables is non-smooth with respect to their projected counterparts in the transition from stick to slip. The induced jump is clearly observed, which depends on the friction coefficient. Unconstrained recovery fixes this problem. In the case of frictionless contact, a similar problem was identified [1] but therein the inconsistency was due to significant changes in the active set. Presently, the active set remains almost constant throughout the twisting stage.
Conclusion
Based on the investigations for frictionless contact [1] , a derivation of mortar-based treatment of frictional contact is presented. Similar to a classical proposal for the frictionless setting [2] , a three-field mixed approach is constructed in terms of the tangential variables. The identification of a set of discrete mortar constraints for the tangential contact interactions is automatically delivered through the variational framework. In order to recover the corresponding mixed kinematic and kinetic variables from their projected counterparts, three closely related approaches were discussed: (i) constrained, (ii) lumped, and (iii) unconstrained. While the lumped approach appears to be computationally the most appealing, its formulation is based on the unconstrained approach that delivers the numerically less robust constrained one as a special case as well. Aspects of augmentation in the context of Uzawa iterations as well as the algorithmic linearization of the overall algorithm were presented. In order to assess the performance of the recovery approaches, two-and three-dimensional numerical investigations in the infinitesimal and finite deformation regimes were carried out. In particular, locking and patch test studies were successfully conducted together with local and global convergence monitoring.
The resulting mortar algorithm differs from earlier approaches, mainly due to the direct use of the underlying curvilinear coordinate system for the tangential treatment within mortar projections. This allows a straightforward satisfaction of the objectivity requirements. In order to extend the applicability of this algorithm to dynamic problems, it is necessary to consider the conservation of linear and angular momenta [22] , which is also important in the context of domain decomposition [21] and requires the satisfaction of the mortar constraints in the reference configuration. For this purpose, the use of a local curvilinear coordinate system would allow for a reformulation of the constraints based on the approach of [10] . Finally, a three-field mixed variational formulation may also allow the derivation of approaches suitable for mortarbased thermomechanical contact analysis [32, 18] .
